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Abstract: A theoretical analysis of transient isothermal crystallization, inclu-
ding relaxational and athermal effects is given. The analysis is based on
Kolmogoroff~-Avrami-Evans transformation equation and nucleation theory
of Turnbull and Fisher. The memory of previous structures manifests itself in
the distribution of atomic (molecular) clusters which determines the initial
number of crystal nuclei and the initial rate of thermal nucleation.
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Introduction

Memory effects are often observed in crystalli-
zation of slowly crystallizing materials, like poly-
mers and glasses. Crystallization rate depends on
original structure of the sample and its thermal
history. Often, prolonged melting prior to crystal-
lization reduces effects of the original structure.

The aim of the present analysis is explanation
of memory phenomena observed in experiment,
but so far discussed in intuitive, rather than sys-
tematic terms. We will show that thermal history
can affect crystallization kinetics in two ways.
One is melting of ordered structures remaining
from previous crystallization, the other is “equili-
bration” of cluster distribution function. Both
mechanisms contribute to the number of primary
nuclei and thermal nucleation rate.

Our attention is concentrated on pure crystal-
lizing systems, or systems containing non-crystal-
lizing solvent. In such systems effective nuclei,
whether spontaneously formed in the course of
crystallization, or left from previous structures,
have the same composition as the crystallizing
species, and can be described with a single cluster
distribution function. Our considerations do not
apply to memory effects caused by “foreign”
nuclei behaving in a way different from “native”
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ones, produced from the crystallizing material
itself.

The basis for our analysis will be provided by
one-dimensional theory of nucleation developed
by Frenkel and Turnbull and combined with the
Kolmogoroff-Avrami-Evans treatment of the ki-
netics of transformation. One-dimensional nu-
cleation model is often applied to polymers
though it provides a simplified picture of a more
complex process. In principle, we could contem-
plate using a multidimensional theory of nuclea-
tion [6] for oriented polymers, and incorporate
effects of orientational relaxation of kinetic ele-
ments. We are not doing this at the present mo-
ment. First, it would make the model much less
transparent, second, we do not have at our dis-
posal appropriate experimental data.

Part II of this research will report experimental
studies of memory effects in polypropylene.

The transformation equation

For the description of transient isothermal kin-
etics of crystallization, we will use the statistical
model proposed independently by Kolmogoroff
[1], Avrami [2] and others [3,4], commonly
referred to as “Avrami model”. The degree of
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Table 1. Shape factors and volumes of phantom crystals

Dimensions Growth Crystal Shape factor Crystal volume
of growth, n direction shape C, v

3 R sphere 4r/3 47R3/3

3 a cube 1 a?

2 R cylindrical disk with thinckess d nd ndR?

2 a tetragonal plate with thickness 4 h ha?

1 L circular cylinder with radius r r? 2L

1 h tetragonal column with side b b? b%h

transformation (crystallinity), x(¢), is determined
by the volume of phantom crystals, nucleated and
grown during the period (0, t)

x(f) =1—exp[ — E(], (1)
where

E@®)= —In[1 — x(t)] = Ny v(0,1)
+ f Nu(s)- v(s, )ds . )
0

Ny is number of predetermined nuclei present
in unit volume at the instant t =0, Ny is
thermal nucleation rate, and v(s,t) is volume of
a phantom crystal nucleated at the instant s and
grown up to the instant ¢. If the growth is isotropic
and proceeds independently in n dimensions,
v(s, t) can be expressed through the linear growth
rate R(t)

v(s, 1) = Cn-]:jR(z)dz:'n . )

The factor C, for some shapes is given in Table 1.
Combination of Egs. (1)—(3) yields logarithmic
measure of the degree of transformation

E(?)

—In[ — x(£)]

=C, {NO [i R(z)dz]n
0

4+ Nnls): [j R(z)dz]nds} . @

A logarithmic measure of transformation (crystal-
lization) rate results in the form

—dIn[1 — x(t)]/dt

= nC, {NO[]R'(z)dz}"_lR'(t)
0

E@l) =

o, r n—1 .
— thh(s)~[fR(z)dz:| R(s)ds} .
0 s

When nucleation rate and linear growth rate are
constants, Eq. (4) reduces to

E(t) = CoR*[Not" + Nut" " H/(n + 1)].  (4a)

Equations (4,4a) combine two mechanisms:
growth of a constant number of pre-determined
nuclei, and sporadic formation and growth of new
nuclei. The most often used form of the Avrami
equation is written separately for isolated mecha-
nisms

E(t) = Kut™, (4b)
with a constant, integer exponent, m = 1,2, or
3 for growth of predetermined nuclei, and
m = 2,3,4 for sporadic nucleation followed by
growth.

Crystallization characteristics derived from cluster
distribution

The rates of nucleation and growth, as well as
concentration of stable nuclei, are related to. the
distribution of molecular (atomic) aggregates, or
clusters. For the sake of simplicity, we will con-
sider a one-dimensional model [5,6] in which
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clusters are characterized by a single, continuous
variable (reduced cluster volume) g = v/vy;
g €(1, 00). The model can be used for isotropic
(spherical, cubical) clusters, as well as anisotropic
clusters whose shape is preserved in the process of
growth (a disc or cylinder with a constant I/d
ratio, tetragonal parallelepiped with constant h/a)
or, growth takes place in reduced number of di-
mensions. Basic equations of the one-dimensional
theory are discussed in Appendix A.

Cluster size distribution density, o(g, t), is deter-
mined by the Fokker—Planck equation

0o 0 do o dAF
b ELE" =0,
& o9 [Qg‘<ag T 39
where AF denotes thermodynamic driving force
for cluster formation, and 2, is coefficient of
“growth diffusion”. Critical cluster size, g*, deter-

mined by the condition
g=g% AF(g)= ()

defines status of a nucleus. Supercritical clusters
(g > g*, nuclei) are kinetically stable: their growth,
accompanied by reduction of the free energy, is
preferred to dissociation. Subcritical clusters
(g < g*, embryos) are unstable and tend to reduce
their size. The number of stable nuclei is cal-
culated from the distribution function, o(g,t), as

(6)

maximum

N(t) = | e(g,t)dg . @®)
g*

Nucleation rate, i.e., rate of production of nuclei

in the system, results from differentiation of Eq.

(8):
dg Q( ).

®© 00
N=4 yg(g, 0dg = [ 5] da - ©)

The first term, combined with Eq. (6) expressed as
a continuity equation with flux j(g)

Jdo 0 _

o + = e (9a)
yields thermal nucleation rate:
Ny = f dg = [J(g*) —Jj(o0 )i|
do
= — D,(9%)— 10
24 (g )ag gzg* ( )

Note that the boundary conditions imply:
0(0)=0,and j(0)=0.

The second term, describing athermal nuclea-
tion [6-8], is related to the rate of change of
external conditions. In non-isothermal conditions
it is proportional to the rate of cooling, T

Nun= — 9 1. o(g*) . 11

6T
N disappears in isothermal conditions, but con-
tributes predetermined athermal nuclei when the
sample is rapidly quenched. Equations (8)—(11)
describe prlmary nucleation characteristics
N, and N, appearing in the transformation equa-
tions (4,4a). Popular concepts of nucleation-con-
trolled growth imply that also crystal growth rate,
R, is based on aggregation of molecules (atoms)
into secondary, surface nuclei. If so, solutions for
cluster distribution function (with appropriate
parameters) may be used both for Ny, and R.

Equilibrium and steady-state cluster distribution

Equation (6) admits two types of solutions
which are independent of time. Critical tempet-
ature for aggregation (melting, or crystallization
temperature, T,,) is defined by the condition

0AF(g;T)

T=T,: lim . 1
N (12
When T >T,, the flux disappears and

a Boltzmann-type, equilibrium distribution is ob-
tained

T>T,: <%Q 0) <j=0>
©<@eq = C-e‘mg’f"T) .(13)

A natural source of the constant C is provided by
normalization of mass

| o(g)-gdg = const . (14)
1

but other conditions can also be considered.
When T > T, AF is positive, and asymptotically
approaches + co atg — oo.Consequently, Q.4 is
always limited.
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Equilibrium distribution appears in a super
heated melt. For T > T,,, g* —» oo and no cluster,
however large, is stable:

N(T>T,)=Nua(T>T,)=0. (15)

Nevertheless, equilibrium distribution of clus-
ters produced by prolonged heating and rapidly
quenched contributes athermal nuclei active in
lower temperatures. This is one of the mechanisms
in which thermal history can affect crystallization.

The other time-independent solution appears
when T < T,,. AF passes through a maximum and
approaches — oo at g » . g, calculated from
Eq. (13) would be divergent and another, steady-
state distribution must be found:

T<T,: (%§= O>c(j = const. > 0)

Q(Qst = e—Aﬁ/kT I:Clj'(e_AF/kT/ggr)dg +C21|> .
(16)

Boundary conditions usually applied to the
steady-state (constant flux) process, are those cor-
responding to an “absorbing wall”

oslg =1 =0
Qst(g = G>>g*) = O ] (17)
yielding
G _ \
Qle—AF/ij' <e-AF/kT/@gr>dg/
04(9) = : (18)

1

G 8 4
j‘ (e—-AF/kT/@gr)dg
The corresponding steady-state nucleation rate

yields, by combination of Egs. (10) and (18):

. &1
Nth,st =3

] [e_"ﬁ / "T/@gr]dg |

1

(19)

Transient, isothermal cluster distribution

Transient solution of Eq. (6) can be obtained by
separation of variables

ola.0) = 3. itg)e . (20)

If higher eigenvalues A; are large enough and
the response time is not too short, time-dependent
distribution (20) may be approximated by the first
term with the smallest non-zero eigenvalue 4, (i.e.,
the longest relaxation time 7)

Ao=0; Ai=1/7; h=Ai3=... =00 .21
The truncated series (20) with the initial condition
0(9,0) = 00(9) 22)
yields:
0(9,1) = 0u(9) + (00 — Ou)e ™" (23)
%= (0w 4

The approximation (23), proposed in our early
work [9] will be used throughout this paper.

Effects of thermal history on the distribution
of clusters

Consider a sample with cluster distribution
0o(g) subject to a series of isothermal heating
steps above melting temperature (7; > T,,), fol-
lowed by rapid quenching to crystallization tem-
perature, 7. The time spent at a temperature 7 is
At;. The resulting distribution g{(g) depends on the
initial structure (characterized by the original dis-
tribution @), and temperature history {T;, 4t}

é(g) = é[QOO(g)5 TlaAtly TZ:At27 L TkaAtk] .
(25)

To derive (g) as a functional of thermal his-
tory, we will consider the system of transient
isothermal equations for individual steps of the
history. Each step is characterized by temper-
ature, T;, relaxation time, 7;, and equilibrium dis-
tribution, Q.,[g;7;]. We will introduce a new
variable, &; = At;/t;, 1.e., reduced time spent by the
material in the i-th step:

t=0; Q0 = Qoo

t=1¢y; Q1 = Qcq.1 + (Qo — Qcq,1)E

t=¢1+ 82 02= Qeq2 + (01— Qeq2)€ ™%

t=C+ 8+ G-

t=¢+ 6+ + 4

Ok—1 = Qeqi—1 + (Ok—2 — Qcqk—1)€ !

0= 01 = Oecq + (Ok—1 — Qeq )€ . (26)



Ziabicki and Alfonso, Memory effects in isothermal crystallization. 1. Theory

1031

Multiplying k-th equation by 1, (k — 1)-st by e %,
(k — 2)-nd by e "¢« &1 etc, we obtain the distri-
bution at the end of k steps as a linear superposi-
tion of the distributions @qg, and Q.q,;

= 0(9) = QooeXP< - '21 §i>

k
+ 2 Qeq,i[l - e_éi]
i=1

xexp<— Zk: £p>.

Fundamental characteristics of nucleation — the
number of nuclei and nucleation rate — are linear
functionals of the distribution function and de-
pend on thermal history in the same way as does
0(g). The number of clusters which in the crystalli-
zation temperature T,; behave like nuclei is:

@7

Ny = N(é, Tcr) = j‘ é(g)dg

9*(T¢r)

on(- f,,).

p=iti
In a similar way, one can write thermal nucleation
rate generated by the distribution g

(28)

9 ig-g"(Te)

k k
= Nth,OOexp< — Z €1> + z Neg,i
i=1 i=1

x[l - e—si}exp< -

Nth,OO = Nw(0oo; T.,) denotes thermal nucleation
rate at T = Tcr controlled by the distribution
function Qgo* N eq,i 4re nucleation rates at T,
generated by equilibrium distributions g, ;.

N, from Eq. (28) and Ny, o from Eq. (29) include
all information related to thermal history and
represent memory effects in the subsequent crys-
tallization.

When heating temperatures are high and/or
critical cluster sizes g* are large, equilibrium con-
centrations of clusters in the vicinity of g* are very
small, and in Egs. (27-29) all terms related to

Nth,O = Nth(é; Tcr) = - @gr(g

Y ép). (29)

p=it1

Oeq,1 can be neglected. Effects of heating include
only gradual reduction of the initial distribution,
Qo0, and Eqgs. (27-29) reduce to the relaxational
term

k
o= 0 EQOOCXP( - Z fi) (27a)
i=1

k
Ny= N, = NooeXP< - Z é) (28a)
i=1
k
Nm,o = Nth(é) = Nth(QOO)eXp< - _Z fi) . (29a)

The importance of athermal effects, i.e., distinc-
tion between situations described by Egs. (27-29)
vs. Egs. (27a—29a), depends of material character-
istics and crystallization temperature. When sur-
face energy (o) is high, and/or heat of melting
and relative undercooling (4h AT/T,,) is low, criti-
cal cluster volume v* = v,-g* is large, and so is
free energy AF (g*) Consequently, the exponentlal
factor exp[ — AF/kT7 at, and above g*, is close to
zero, and equilibrium concentration of potential
nuclei is negligible. The largest concentration of
such nuclei in the state of thermodynamic equilib-
rium corresponds to the melting temperature, T,
If peq(g*; T) is negligible, effects of “equilibra-
tion” above T,, can be neglected.

We have analyzed equilibrium distributions of
athermal nuclei for two materials: sodium silicate
[10] and isotactic polypropylene [11]. Calcu-
lation of the critical cluster volume v* (size, g*)
was performed for undercooling expressed as
a fraction of melting temperature

T=(T,— T.)=01xT,

The constant ¢ defined in Appendix A, Eq. (A8),
was assumed ¢ = 6, and (o) was calculated as
a geometric mean

o) = (0, 0'20'3)1/3

Molecular characteristics are given in Table 2.
It is evident that tenfold higher heat of fusion
makes crystallization of inorganic silicate much
easier than crystallization of polypropylene. Criti-
cal cluster size is smaller by three orders of magm-
tude. The equilibrium free energy, AF, at g = g*,
and T = T,,, amounts to 897 kT, for polypropy-
lene and only 3.76 kT, for sodium silicate. Figure
1 presents g* and equilibrium free energy,
AF(g*;T,) as a function of undercooling, and
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Table 2. Crystallization characteristics for model materials

Material Ak {6 T vg v¥(AT = 0.1T,) Ref.
10%rg/cm? erg/cm? K 10722 cm?® 10722 ¢m?
Sodium silicate 13.95 23.0 1157 4.24 2.87 [10]
Polypropylene 1.40 230 481.2 14.97 2837.8 [11]
. 10 ° ~ oM
g 3 AF(g \Tw)
T kTm 10 10,
1074
3 o
10 ‘a 10°
10 %3 07
10°*
10*y polypropylene
E 10°
1074 10 polypropylene

10

PSTT BT ETTIT AU

10 20 30 40 50 60 70 80 96 100
AT, K
Fig. la. Critical cluster size, g* as a function of undercool-

ing, AT for sodivm glass and isotactic polypropylene. For
material characteristics see Table 2

Fig. 2 shows the equilibrium cluster density
exp[ — AF(g*; To)/kT]

and the integral
[ exp[ — 4F(g, T,,)/kT]1dg
g*

as functions of superheating, 7 — T,,.
Using formulas derived in Appendix A, we have

AF[g*(T); Tl = {0 (vo g*)*?
3 4(c(ad)’
T 9[4h(l — /TN

For polypropylene, a thermodynamic barrier
of the order of a thousand of kT units practic-
ally eliminates large clusters from equilibrium

10°
Na glass

10 ®

W7 1 17 T T T T I T I T}
0 10 20 30 40 50 60 70 80 90 100
AT, K

Fig. 1b. Reduced free energy AF(g*, T,)/kT,, as a function of
undercooling, AT for sodium glass and isotactic polypropy-
lene. For material characteristics see Table 2

systems
(T2 Thig = g*) = (0ealg) X 0; Neg 2 0) .

Consequently, the mechanism consisting in “equi-
libration” of cluster distribution is suppressed,
and memory effects are confined to relaxation
mechanism. For sodium silicate, on the other
hand, thermodynamic barriers are moderate, and
athermal effects are comparable to relaxational
ones.

Variation of the number of potential nuclei in the
process of heating

Equation (28) determines the number of poten-
tial nuclei after k steps of heating. The change
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0.1
Na glass
—AF /deg

m.
—,
) 8

e -AF /XT
integral

exp

0.01

]

0 10 20 30

40 50 60 70 80 90 100
T-Twm, K

Fig. 2a. Equilibrium cluster density at g = g* as a function
of superheating, T'— T,, for sodium glass. Critical cluster size,
g*, calculated for undercooling AT = 0.1 7,. For material
characteristics see Table 2

produced in k steps of heating amounts to

NO—N00=N00[3XP<— Ek: fi)‘ 1}

i=1

k
+ Z Neq,l[l — e“il

i=1

xexp< - i ép> :

p=i+1

(30)

The first, negative term, indicates relaxational
change of the original value, Ny Each step re-
duces the preceding number by a factor e™%
dependent on temperature (7;) and duration of
heating (4t;). The following sum of positive terms
accounts for athermal nuclei produced in the
course of heating. Heating tends to bring cluster
distribution to thermodynamic equilibrium (Eq.
(13)) and contributes some amount of large clus-
ters which behave like nuclei when the system is
cooled down below T,.

The increment of the number of potential nuclei
in the i-th step of heating,

ANi = Ni - Ni—l

=(I\]eq,l_']\]i'—l.)l:]-_e”gi] > (31)

—AF /KT
e /

10—300‘
polypropylene
10-400*

107"

10—600 i

10-600

T T T T T T T T T 1
0 10 20 30 40 50 60 70 80 90 100

T-Tw, K

Fig. 2b. Exponential term determining cluster density in iso-
tactic polypropylene as a function of superheating 7 — T,,.
Critical cluster size, g* calculated for AT = 0.17,,. For mater-
ial characteristics see Table 2

can be positive or negative. AN is positive when
equilibrium concentration corresponding to tem-
perature 7; is higher than concentration attained
in the previous step, and vice versa.

Figure 3 presents a history of temperature, and
Fig. 4 gives corresponding changes of the number
of potential nuclei, N;. The history of temperature
includes two steps of heating in the following
arrangement:

T,<T,<T;, (32)

which implies the following order of the equilib-
rium concentrations

Neq,l < Neq,2 . (33)

When the initial number of nuclei is high and
the reduced time of heating, &, small (Fig. 4, curve
a), the number of nuclei at the start of the second
step of heating is higher than the equilibrium
value, N, . Consequently, the number of poten-
tial nuclei will be reduced in both steps:

N00>N1 >N, . (343)

When Ny, is high, but heating time &, is long
enough to make cluster size distribution approach
equilibrium at 7 = T; (Fig. 4, curve b), subsequent
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TEMPERATURE, T
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REDUCED TIME, t/<

Fig. 3. Schematic changes of temperature, 7, in the process
of heating.
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Fig. 4. Schematic changes of concentration of potential
nuclei, N, in the process of heating. Individual cases (a—c)
explained in the text

heating at a lower temperature leads to redistribu-
tion (“equilibration”) of clusters at 75, and N in-
creases:

Noo >N, >N, . (34b)

When the initial structure is completely free
from large clusters, heating above produces,
rather than removes such clusters. An example of
such a behavior is shown in Fig. 4 curve c. The
partial number of potential nuclei increases in
both steps, more so in the lower temperature 7>:

O=N00<N1<N2. (340)

The above analysis indicates complex role of
thermal treatment. On one hand, heating removes
some clusters present in the sample. On the other
hand, “equilibration” of cluster distribution

produces clusters which may become athermal
nuclei, when the system is quenched.

For materials with high (¢/4h) ratio, N, ; = 0,
and thermal effects reduce to melting of the ori-
ginal clusters (Egs. (27a-29a)). The number of
potential nuclei in each consecutive step is smaller
than in the preceding one (cf. inequalities (34a),
and Fig. (4a)) approaching zero after prolonged
heating.

Isothermal transformation with time-dependent
nucleation and growth rates

The sample with initial cluster distribution
Qoo 1S subject to thermal treatment which changes
its structure to O. Then the sample is instan-
taneously transferred to a lower temperature, and
crystallized at 7 = T,,. Cluster distribution de-
veloped in this process can be approximated by
Eq. (23). History-determined ¢ plays the role of an
initial condition. Relaxation time 7y and steady-
state distribution g refer to crystallization
temperature. Cluster distribution in the crystalli-
zation conditions reads

0(g:1) = 0w + (8 — ow)e™ "™, (3%)
and time-dependent nucleation rate at 7,
Neo(t; T) = Non,so(Ter)
4+ (N0 — Nin, )€ o
= N[l + dye™ ] ; (36)
Ay 1s defined as
Ay = (Nth,O - Nth,st)/Nth,st . (37)

The initial values are controlled by thermal his-
tory, and the steady-state values are character-
istics of crystallization temperature.

The number of predetermined nuclei present in
the system at the beginning of crystallization is
determined by an integral of the initial distribu-
tion function 9, Eq. (28).

In the evaluation of time-dependent trans-
formation equation (Eq. (4)), we will use thermal
nucleation rate from Eq. (36) with the number of
predetermined nuclei from Eq. (28). The appropri-
ate time dependence of the growth rate, R(t), is
not clear. The theory of nucleation-controlled
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growth suggests a relation similar to that for pri-
mary nucleation (Eq. (36)). On the other hand,
observation of growing spherulites indicates that
linear growth rate is independent of time; it
should be remembered, however, that spherulite
growth is not necessarily identical with the growth
of crystals. Anyway, it seems that growth rate is
less sensitive to relaxational effects than primary
nucleation. In this section we will discuss a combi-
nation of transient nucleation, Eq. (36), with con-
stant growth rate

R(f) = R = const . (38a)
Solutions for a more general case involving transi-
ent nucleation and transient growth rate

R() = Ry + (Ro — Ry)e ™™

=R, [1 + ARe_’/’R} (38b)

will be given in Appendix B. Relaxation times
for primary nucleation and growth are, in
a general case, different. In the situation when
Tr< Ty, 1.6, when molecular motions involved in
growth are much faster than those needed for
creation of primary nuclei, Eq. (38b) reduces
to (38a). .

With N, from Eq. (36) and constant R, integra-
tion of Eq. (4) yields

E@®) = C,,R”{Not” + Nn.st
t
x | (1 + ANe‘s/T")(t — s ds}
0

= Can{NOtn + Nth,st

X [t”“/(n +D+ ANTNPn(t):|} - (39

The function P, t) is shown in Appendix B,
Table BI.

Two special cases of Eq. (39) are worth dis-
cussion. Consider relaxation time, Ty, short com-
pared with crystallization time, ¢t. This happens
int. al. in dilute polymer solutions (high mobility
of crystallizing units) and/or at small undercool-

ing {long crystallization time). For small /2,
B =t"[1—n(zyo)+...], (40a)
and the progress of crystallization reduces to

E@) = C,,R"{Not" + Nu stt”“l:—l-
’ n+1

For ty = 0, Eq. (14a) reduces to Eq. (4a) in which
constant nucleation rate corresponds to steady-
state cluster distribution

Mh(t) i Mh,st[gst(g; Tz:r)]
E(t)— C,,R"t"{NO + Nuput/(n + 1)} .
(42)

(41a)

Ty — 0:

When, on the other hand, 7y is very long, P,(f)
assumes the form

R =

nlgntl 1 t
ww |+ D! (n+ 2l

£2
+m—..}, (40Db)
which yields
. . tn+1
E(t)= C,R"{Not"+ Nypo——
(t) { ol” + th,07 ]
_N A n’tn+1 —t_
thost SN (n + 2)!1y
2
—(}’l-l-—:i)'_’;g+i|} (41b)

At infinitely long relaxation time, Eq. (39) reduces
to the same form as Eq. (4a), but nucleation rate is
controlled by the initial distribution function, g,
reflecting thermal history of the sample, in the
molten state rather than crystallization temper-
ature:

Nin(t) — th,o[@(g;{Ti, <1
E(t) - C,IR"t"{No + Ny, ot/(n + 1)} :
(43)

TN —> 0
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Discussion

Relaxation vs. athermal effects in transient
crystallization

The model of transient isothermal crystalliza-
tion has been based on the theory of nucleation,
and includes relaxational and athermal effects.
The model accounts for the effects of thermal
history of the material. Thermal treatment
modifies cluster distribution, o(g), and affects two
characteristics in the transformation equation: the
number of predetermined nuclei, Ny, and the in-
itial nucleation rate, Ny, o.

The number of potential nuclei (i.c., large clus-
ters which become athermal nuclei when the
system is cooled down to crystallization tem-
perature) changes in the process of heating in two
ways. Large clusters, left from previous structures,
gradually disappear. The degree of reduction de-
pends on the history of heating. At the same time,
redistribution (“equilibration”) of cluster sizes
may produce some amount of large clusters which
become athermal nuclei on undercooling.

In materials with high interface tension, and
low heat of fusion, equilibrium concentration of
large clusters is negligibly small. For such mater-
ials (e.g., polypropylene and apparently other
organic polymers) the athermal mechanism
associated with “equilibration” of cluster distribu-
tion, does not contribute to the number of effec-
tive nuclei. The memory effects are controlled by
relaxation mechanism, ie., gradual melting of
nuclei present in the system before heating. The
athermal mechanism may be important for mem-
ory effects in materials with low (a/4h) ratio, like
sodium silicate, and for non-isothermal crystalli-
zation at deep undercooling.

Deviation from the “ideal” Avrami behavior.
Induction time

In a general case, the progress of isothermal
crystallization is a complex function of history-
controlled initial conditions and relaxational
phenomena (Eq. (39)). Real, isothermal trans-
formation equation deviates from the “ideal” form
(Eq. (4b)) most often used for fitting experimental
data.

The first reason for discrepancy between the
ideal and real behavior is superposition of two

logE(t)

// -
/ ~
L
///
n__Anh+
log t, log t

Fig. 5. Non-linear transformation as a result of superposi-
tion of predetermined and sporadic nucleation mechanisms
(schematic). t, is induction time

nucleation mechanisms, predetermined and spor-
adic. Even if transient effects can be neglected (i.e.,
relaxation time is short or long enough) the
asymptotic transformation equation (Eq. (42) or
(43)) can be written in the form

E(t) = At"*'[1 + Bt™']. (44)

When presented in a traditional log E-log ¢ plot,
Eq. (45) does not produce the straight line implied
by Eq. (4b), but yields

logE(t) =logA + (n + 1)logt

+log[1 + Bt 1] . (45)

The slope gradually changes from n for short
times (predetermined nuclei) to (n + 1) for long
times, corresponding to sporadic nucleation (Fig.
5). Fitting experimental data with a single expo-
nent does not make much sense. The shape of the
logE — logt curve suggests introduction of an
induction time, or time lag, indicating transition to
the asymptotic regime. Induction times have ac-
tually been observed in some crystallization ex-
periments [12]. Induction time, t,, can be defined
by the asymptotic relation

dlogE
dlogt

tlgg [Iog E(t) — (logt — log tO):l =0, (46)

and results in the form

log A
n+1

logty = — @n

A = CanNth,st/(n +1) 3 (48)
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which is controlled by steady-state nucleation rate
and does not depend on the initial concentration
of predetermined nuclei.

The other source of non-ideal behavior is relax-
ation. Consider isothermal crystallization control-
led by sporadic, transient nucleation (Eq. (36)),
and constant rate of growth in the absence of
predetermined nuclei. The progress of crystalliza-
tion, E(t), can be written in the form

E(t) = (CanNth,st/(n + 1)>tn+1

y [1 L +1>ANrNP,,(r)]

tn+1

= At”“[l +(n +1)ANTNPn(t)/tn+1:| -(49)
Using asymptotic functions P, from Eq. (40a, 40b),
we arrive at the kinetic equations:
log E(t) = log[(1 +4x)A] + (n + 1)log¢

—_ AN{ “ ..
TN(I +n)(1 +AN)

(50a)

t—0:
d(logE)/d(logt) =n +1

Ayt .\
‘L'N(]. +n)(1 +AN)

(51a)
and
log E(t) =log A + (n +1)logt
+ (n+ DAyty/t + - (50b)
t— 00:
d(logE)/d(logt)y =n+1—(n+1)
X Ayty/t +- . (51Db)

The shape of the log E — logt plot is presented in
Fig. 6. Like in the superposition mechanism, the
induction time calculated from Eq. (46) is identical
with one described by Eq. (47)

Lo 1/(n+1)
fo = A Mt D) — ((n + 1)/cnR"Nth,st> :
(52)

N\

log E(t)

log t

log E(t) y/

i -
/

-
log ty

logt -

Fig. 6. Non-linear transformation as a result of transient
nucleation rate. t, denotes induction time. a:dy > 0;
b:4 < 0.

It is worth noting that the induction time does
not depend on initial crystallization conditions or,
in an explicit way, on relaxation time. However,
nucleation and growth rates, being controlled by
molecular mobility via growth diffusion coefficient,
D, (see Appendix A), are inversely proportional
to relaxation time, 1. Therefore, the induction time
is actually proportional to 1, as well as to the
crystallization half-period, t;, (cf. Eq. (54) below)

to = AT) 7 = (log 2@+ g, . (53)

Asymptotic crystallization and the “ideal” Avrami
kinetics

Isothermal transformation equation is intrinsi-
cally transient only in the intermediate range of
relaxation times. Memory of thermal history can
be observed in the range of long relaxation times.
Then, crystallization kinetics are determined by
the initial number of nuclei, Ny, and initial nuclea-
tion rate, Ny, o, both controlled by the history-
sensitive cluster distribution, ¢(g). In the range of
short relaxation times, crystallization is control-
led by actual (crystallization) temperature, T,



1038

Colloid and Polymer Science, Vol. 272- No. 9 (1994)

and memory effects can be neglected. We will
discuss dimensionless criteria which determine the
range of crystallization conditions sensitive to
thermal history.

Asymptotic behavior is characterized by the
ratio of relaxation time to crystallization time.
The latter can be characterized by half-period of
crystallization defined as

E@t) = log?2 . (54)

When relaxation time is short compared with
t,, the progress of crystallization can be effectively
described with Eq. (42), based on a constant,
steady-state nucleation rate, independent of ther-
mal history. A similar asymptotic form is obtained
when relaxation time is infinitely long (Eq. (43)),
with initial nucleation rate, dependent on thermal
treatment.

When 7y is comparable with t;, the complete
transformation equation (39) must be used.

To determine the range of conditions in which
the “ideal” Avrami kinetics can be used, crystalli-
zation half-period must be expressed as a function
of nucleation characteristics Ny, and N . We will
look for conditions converting equations (42,43)
into the “ideal”, single-mechanism equation (4b)
controlled by predetermined, or (but not and)
sporadic nucleation. Four cases indicated in
Table 3 will be analyzed.

The condition for predetermined nucleation as
a governing mechanism, expressed through the
crystallization half-period, reads

(T’l + l)No(t%)n>>Nth(t%)n+ ! .

Thermal nucleation rate is inversely proportional
to relaxation time, ty, contained in the diffusion
coefficient P, (cf. Eq. (A6)). Therefore, the prod-
uct (N, 7y) reflects thermodynamic factor in nu-
cleation rate, dependent on undercooling. The
condition for predetermined nucleation will be
written in the form

t=ty:

b /ey ol D (55a)
Nty
and that for sporadic nucleation
No(n +1)
ts — 55b
/ N> Netn ( )

Crystallization half-periods for the four asymp-
totic regimes are given in Table 3.

Table 3. Crystallization half-period, ¢;, in asymptotic

regimes
Nucleation: Predetermined  Sporadic
Relaxation Eq. (55a) Eq. (55b)

time:

=0 [In2/C,R"Ng]'"
Ty — © [In2/C,R* Ny

[(n+ Dln 2/C,,R"Nm’st]1/(n+ 1
[(n + DIn 2/C, R* Ny ]+ D

Regime 1.1. Predetermined nucleation, short re-
laxation time

The simultaneous conditions

l«ty/ rN<<M ,
th,st TN
with t; from Table 3 yield:
[C,R"Ny/In 2]V
(n+1NgFLm
(Nth,stTN)

(56)

«1jty< [C,R*/In2]'",  (57)

and
E(t) = C,R"Nyt" . (58)

The inequalities (57) call for high concentration of
predetermined nuclei and large thermodynamic
barrier for thermal nucleation, and lead to small
value of the product (N, «7y). Such conditions
can be met in crystallization close to melting
temperature, 7,. Effects of thermal history are
included in the initial concentration of predeter-
mined nuclei, Ny.

Regime 1.2. Sporadic nucleation, short relaxation
time

The inequalities
Ny (n +1)

Lty /Ty>»
th,st TN

(59)

yield
[C,R*(Nipo)/In2(n +1)1"" < 1/zy
n+1)Ng+bin o
W [CoR"(NunsTw)/In 211" (60)
th,st

and

E(t) = C,R"Ng o t" /(n +1) . (61)
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This regime can be realized when the thermody-
namic factor (N, ,;Ty) is rather small (low under-
cooling) and the number of predetermined nuclei,
Ny, is very small. No effects of thermal history can
be expected.

Regime 2.1. Predetermined nucleation, long relax-
ation time

The conditions

No(n +1)

Ity /iy<—= (62)
th,0 TN
can be evaluated as
[C,R"Ny/In2]'"
o1y« BN o pun 2y, (63)
th,0 TN

to yield equation E(f) identical with that for re-
gime 1.1 (Eq. (58)). To satisfy the inequalities (63),
one needs large amount of predetermined nuclei,
N,. Regime 2.1. seems to provide a typical situ-
ation of crystallization at low temperatures, with
strong history effects.

Regime 2.2. Sporadic nucleation, long relaxation
time

The conditions

N 1
1>>t%/rN>>—(.’—(—n+—)
th,0 TN

(64)

on substitution of the appropriate half-period re-
duce to

[Co R (Nin,0Tw)/In2(n + 1)1 1/75

(n +1)Ng+ D

ooy LCnR W om)In 21 (65)
th,

and, if satisfied, yield

E(t) = C,R"Nyot""/(n +1). (66)

It is not clear whether the conditions (65) can ever
be realized. The ineqalities stipulate large ratio of
the initial nucleation rate to concentration of pre-
determined nuclei. We will try to estimate this
ratio for equilibrium distribution of clusters.

Using rough, linear estimate of the integral

No= [ eal9)dg = Cgf*eXp[ — AF(g)/kT]dg
= C-kTexp[ — AF(g*)/kT1/(dAF/dg),. ,
(67)

and realizing that thermal nucleation rate for
equilibrium distribution reduces to

Nth[Qeq(g)] = - 9gr(g*) (aQeq/ag)g*
= CZy(g*)exp[ —AF(g*)/kT]

-(dAF/dg) /KT , (68)
we obtain the ratio
Nth[Qeq(g)] ) T/(n + 1)N0 [Qeq(g)]
& 2Dy (g*)- T(dAF/dg)3/ (kT )? (69)

and, substituting Z,,, g*, and AF from Appen-
dix A

. 8 Y33 P (T,
NthT/(n -+ 1)N0 g§DO |:““<%‘>]—_'—Q——} (7)

x T_T::r 2
Tr'n_]::r .

The ratio of initial nucleation rate to the concen-
tration of predetermined nuclei can assume arbit-
rarily high values when crystallization is carried
out in the vicinity of melting temperature. It seems
that the existence of regime 2.2, is justified by long
relaxation times combined with small undercool-
ing (T, ~ T,,), though the combination does not
seem common.

Two, out of four asymptotic regimes seem natu-
ral. Sporadic nucleation with short relaxation
times (regime 1.2) can be expected in systems with
high molecular mobility (crystallization from
solutions). Memory effects disappear at the begin-
ning of the process, and thermal history does not
influence the isothermal process. On the other
hand, predetermined nucleation with long relax-
ation times is strongly sensitive to thermal his-
tory. Regime 2.1 can be expected in systems with
long relaxation times, large concentration of pre-
determined nuclei, and crystallization temper-
atures not too close to the melting temperature,
T,,. History effects concern the amount of prede-
termined nuclei, Ny, rather than initial nucleation
rate, Ny, o-

(70)
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Appendix A

Basic equations of one-dimensional nucleation
theory {5,6]

The theory considers kinetics of a set of revers-
ible reactions of association and dissociation

+

By-1 + Bli—_lﬁg : (A1)
g

g =2,3,... denotes cluster size, i.e., number of

single kinetic elements contained in a cluster §,.

The discrete flux of association expressed by mo-

lar fractions of the reacting species reads

Jo="kg-1[Bs-11"[B:1 — ks [B,] - (A2)

The ratio of reaction rate coefficients is assumed
as one in thermodynamic equilibrium, i.e.,

ki -1/k;, =exp[ — Apo4/kT], (A3)

where the difference of standard chemical poten-
tials, expressed by molecular free energies of indi-
vidual species, and the total driving force, 0F, for
aggregation at concentration {f, |, read

A/‘LO,ngg_Fg—l—Fl
3F(g) = Apo,, — kTIn[B,] . (A4)

Equations (A2)—(A4) can be solved, yielding dis-
crete cluster size distribution, [f,]. It is conve-
nient, however, to use continualized solutions
which have been shown to be equivalent to the
exact discrete solutions. Continualization of the
variable g, replacement of molar fractions [§,] by
density in the space of cluster sizes, o(g), and
linearization of the resulting expressions yields
continuous flux in the space g

j(g) = kg [e7°F*T o(g — 1) — o(g)]
~ — k™ (g)[00/dg + (e/kT)AF/dg]
= — 9,.[00/0g + (o/kT)0AF/og] .  (A5)

The integral, j'éf (g9)dg = AF(g), provides the
thermodynamic driving force for “diffusional
growth ” of clusters.

Continuity equation for cluster-size distribu-
tion, o(g,t), based on the flux from Eq. (AS),
assumes the form of a Fokker—Planck equation
discussed in this paper as Eq. (6).

The fiux j{g) has a diffusional structure, and the
continualized dissociation rate, k ~(g), is identified
with diffusion coefficient in the space of cluster
sizes, or coefficient of “growth diffusion”. &, can
be presented in the form

k™(g) = D(g; T) = const. (T)g*Pe BT
= Do(T/T,)g*"/7 ; (A6)

E, denotes activation energy for self-diffusion of
the kinetic units subjects to aggregation, and 7 is
the related relaxation time. The factor g*? ac-
counts for the number of sites available for the
reactions of association and dissociation on the
surface of a g-size cluster. Temperature-dependent
front factor is related to natural frequency of
molecular motions participating in the reaction.

Continualized free energy of transition of
g single kinetic elements into a g-size cluster is
assumed in the form:

AF(g) = F,— g F; = (— Ah + TAs¢)veg
+ c{a)(veg)*? . (A7)

The total driving force, including free energy of
mixing of untransformed single elements

AF(g) = AF(g) — (g —1)vokTIng
= — (g —DvgkT'lng; —(4h — TAsq)veg
+ c<a)(og)*"? . (AB)

Ah denotes heat of fusion per unit volume, {o)-
average surface energy density (interface tension),
Asg-entropy of crystallization for an undiluted
system (g; = 1), T — crystallization temperature,
vo-molecular volume of a single kinetic element
and ¢ is a dimensionless constant dependent on
cluster shape. For spherical clusters, ¢ = (367)'/3,
for cubes, or proportionally growing parallel-
epipeds, ¢ = 6, etc.

Critical crystallization (melting) temperature is
obtained from the condition:

T="T,: limaA—F=0, (A9)
9o Of
yielding
_4h 4h (A10)

T,=20- 4"
" As  Asg— klngy

As is complete entropy of the transition including
mixing term. With 7,, from Eq. (A10), the driving
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force AF(g) can be written as Table B1. Transient nucleation functions P,{t)
AF~(9) = c{0)(v09)** — (9 —1)vokTIng, Dimensions  Function P,
— Ah(1 —T/T,)vog - (Al1) of growth. n
Critical cluster size, g*, is obtained from the 3 t3 — 3ty + 6t} — 6131 —e ™)
condition: 2 12 — 2uty +2e3(1 —e ™)
N 1 t— ty(l —e ™)
0AF(g;
g =g*(T): YAEG:T) _ , (A12)
dg
which yields . _
Table B2. Transient growth functions Q,(t)
sy = | 2K P A13
vog*(T) = m ’ (A13) Dimensions  Function 0,
of growth, n
and
da* 3g* 30 (1 —e~ ) [3¢2 +3tAgtr(l —e~Y)
= (A14) 4331 — ]
T Tn— (1 —e~ ") [2t + Agta(l —e~ )]
Maximum driving force, AF,,,, at a temper- ! 1 —e™)
ature, 7, below melting temperature 7,,, provides
the thermodynamic barrier for nucleation
~ ~ 4 (c{o))?
= T,g* (1)) = — .
AFyax = AF(T,g*(T)) AR —T/T,) ]2 and read
(A15)  P(t) = (—1)"nlth (1 —e ™)
‘ 1 n—-kn! k. .n—k B3
Appendix B + g(_ ) R (B3)

Transformation equation involving transient nu-
cleation and/or transient growth rates

Integration of Eq. (4) with transient nucleation
rate (eq. 36) and transient growth rate (Eq. 38b)
yields

E(t) = C,,R;‘t{NO [t +Adgtr(l —e~ =]
t
+ Nt J (1 +Aye™ ") [t —5 + Agtg
0

x (e ¥ —e )] ds}
= CnRgt{NO [t" + AT O(8)]
+ N[ (1 +1) + AytaP(0)
+ ArTrS(1)] (B1)
Functions P(t), describing transient nucleation at
constant growth rate are defined as

P(t) = {}(1 + Aye %) (¢ —s)"ds
0

— " (n + 1)}/ Ayty (B2)

k=1

Individual function P, for n = 1,2, 3 are shown in
Table B1.

The functions Q,(¢) describe transient growth of
predetermined nuclei

0.(t) = {[t + Adytr(l —e™"™)]" — "}/ Agrg

= Z ") _e_l‘/fx)n“k‘f'I(AR,L.R)n—ktk—l'
k=1
(B4)

Individual functions Q, are listed in Table B2.
Functions S,(f) describe sporadic (transient)

nucleation combined with transient growth rate.

Individual functions read: '

A
Si(t) = —te™ +1R<1 LR )
Ty +7Tr

AnTh
— (T +dyty)e " + NN ot
TN +TR
(B5)
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Sy(t) =

S3(0) =

— t2e M +t-1:R|:2<1 Ay )

Tr +7Tn

3 AnT

+e—2t/rR —12 Z42 NN
:! k 2+ TR +27y

Antnd
_M} +2AyTye
TR +TN
AR'CIZQ 3
x|ty —7p — —BR | | 2020 2/
I:N R TR+TN 2 R
2(1«'121 — 1% — TnTg)
TR +1TN

+ ANINC—'/QC_”’”!:

+ ARTR] — 2AN’C1?\’]ARTR

1

x e~ 2tk g~ Ui
(tg +18) (TR +2274)

(B6)

— et 4312,
ANTN

Ant A
X{l + __ue_t/fx +__§e"f/fx}
Tr +7Tn TR 2

+t _2112{ +3ANTNART122 _ 6ANT]2\IT12;
2 TR +2TN ('L'R +"L'N)

AnTyAgT3

—6e | 1R — Ayt ¢ NN RR
TR +"L'N

+ 34ty drTRE 2R — Aﬁtﬁe_”/’“}

21 A3 6Ax5T3 3AxTEA
3| 21 | Adr NTN  34AnTNdr
+TR[4 Py )’ et 2m)

AN‘CNAIZ'{ .y 3A12g'[% 3
INTNAR | omue J2ARTR 6
TN +3'{'N © 2 + NTN
ZTN AR
— 3AyTNARTE —
NrN RTR|:(TR+TN)2 TR+2TN}}

— 2 Tt} 3 2
'—3ARC R T—ARTR +ANTNTR
_ANTNAN‘L';( —Azfze_sﬂf“ IITR

Tr +Tn R*R 6

-+ ANTN] + 6AN'C§]e_t/1Re_t/tN

r 3
TR

|1 ———

L (tr +TN)3:|
+ 3AythAgTHe e
y B 1 2

| (tr +2t8)* (g +7T8)°
+ ANTNAIZ{T?ge_SI/TRe—t/TN

1 3 3 1
x| = — + —

_TR TR +'L'N TR +2TN TR +3TN

(B7)
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